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Proof is given that the loss of stability of the equilibrium state of a self-gravit~
ating fluid filling a rigid sphere having uniformly distributed internal heat sources
is accompanied by the onset of a stationary axisymmetric {correct to within an
arbitrary rotation) flow which remains stable in the vicinity of the point of stab-
ility loss, This flow is numerically defined as a segment of the Liapunov-Schmidt
series, The problem of thermal instability of a self-gravitating fluid sphere is
associated with vari ous theories and hypotheses of geo- and astro-physics, as
well as with the study of fluid behavior in conditions of quasi-weightlessness,
Earlier investigations were mainly directed toward the formulation and solution
of the linearized problem and finding the limit of instability [1], Their results
were further developed in later publications([2, 3] and others), The method pro-
posed by Chandrasekhar [1] was applied in [4] to the related nonlinear problem,
The theory of solution branching of equations of stationary convection [5, 6] is
applied below to the study of convection onset in a self-gravitating fluid sphere,

1, Statement of problem, A rigid sphere § orradius @ is filled with a vis~
cous incompressible fluid acted upon by a spherically symmetric radial gravitational
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field %/smpGr = gr (G is the gravitational constant and p the fluid density), Heat
sources of constant intensity ¢ are distributed in the fluid which is stationary (the cond-
ition of mechanical equilibrium is satisfied [7]) and whose temperature and pressure de-
pend only on the radius, The wall temperature is constant (T'|g = const) .

The loss of stability of the fluid equilibrium state may lead to the onset of free con-
vection, The "principle of stability fluctuation™ [1] is satisfied in this problem, hence
the least eigenvalue & of the linearized problem of velocity, pressure and temperature
perturbations defines the limit of instability

Au=Vp—Rér, Vu=0, A= —ru,, ujg=0, 8]5=10 1.1)

The generated convection motion is described by the solution of equations of stationary
free convection [1, 7]

Au= (uV)u+4 Vp— Ror, Vu=0, uj{s=10

_ _ __ gprat v
Ae._Puve-ru,,ms..o(R_-aW, P_T) (12)

where R and P are, respectively, the Rayleigh and the Prandtl numbers, and ¥, X and
B are the coefficients of kinematic viscosity, thermal diffusivity, and linear expansion
of the fluid, respectively,

2, The operator equations, Let H be the space of pairs 3 = (u, 8) and
(ues H,, 8 & H,) with norm
J2le = Quly, -+ 184)" 2.4)

: 3

where H, and [, are Hilbert spaces introduced in [8].
Lemma 2,1. Problem (1,2)is equivalent to the operator equation

z =B (R, 2) (z = H) (2.2)
with the absolutely continuous operator B, while problem (1,1) is equivalent to the
operator equation ‘

” 2= A(R), 3 2.3)

with the absolutely continuous operator A which is the Fréchet differential of operator
B (R, z) at point z = 0.
Proof, Problems (1,1) and (1, 2) reduce to the operator equations (see [8])
u=—Ki{uV)u + RK1(6r), 0= — PL(aVv8)-}+Li(ru,) (2.4)

u=RK:10r), O0=Li(rs,) (@EH,8cH) (2.5)

Operators X, and L; have been defined in [8], where it is also shown that K, and
Ky (Ku = —K, (uV) u) are absolutely continuous in'H,, while Z, is absolutely contin-
uous in H;. We shall prove that operator L, (L,s = —PL, (uV8)) acting from # into
Hy is absolutely continuous, To do this it is sufficient to show that this operator trans -
forms any sequence {s™} weakly convergent in H into a sequence {Z,s™} strongly con-
vergent in H,. Using the integral identity

j‘ Voug dr = — 5 OuVedz (8,9 Hs, ues Hy) (2.6)
Fol Q

together with the Holder inequality and the imbedding theorem, we obtain
(Laa™ — Lz, @)y, < C, (fu™ — 0" 10" g, +107 — 0" I I I I @ gy, 2D
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Since sequencies {u™}and {9™} are strongly convergent in Ls, hence from inequality
(2. 7) follows that {Zy5™} is strongly convergent in H,, if in the latter we assume that
q) = szm -_— Lgln.

We introduce the following notation:

A(Ryz=(RK,1(0r), Li(ru;)) (2=(u, 0), uc H1, 6 € H3)
D(z, 2) = (— K1(uV)u, — PL;(uVe)) 2.8)
B(R, )= A(R)z+ D (s, 2)

Operators 4, Band D are absolutely continuous in H.The last statement of the Lemma

follows from the estimates

1K mlg, <Colzlg®  NLyzlg, <Cglzlg* (E€H) 2.9

the first of which has been proved in [9] and the second from an inequality similar to
(2.7). The Lemma is proved,

Let R, be the eigenvalue of problem (1,1) and { = (u, 8) its related eigenvector,
Then the corresponding eigenvector of the conjugate problem

AW=Vq—‘!’r' VW=O, AT:—Rorw" Wls=0, Tls=0 (2.1.0)
is of the form
n= (W, t)v W= Ro‘lu, T—20 (2.11)
From (2,10) also follows that

A% (R)z = (K, (wr), RL; (rw)) z = (w, 7), w & H,, 1 E H,) (2.12)

3, The spectral problem, The linearized system of Egs, (1,1) permits the
separation of variables, when seeking the solution in the form of series in generalized
spherical functions 7%, (1/,m — @, @, 0) [10]. As the result, we obtain a problem
of eigenvalues with respect to parameter R for the system of ordinary differential equa-
tions [11]

2 1 @ 2 d  Id+Y) B
Dy = Fu——m <D1=ﬁ — ) y(1)=0

mm=h%m4ﬁ””*)r+__—ﬁw“mu) (3.1)
du’ + +l—(17+9vz=0, DBy =—ru;, 8;(1) =0 (@=1,23,.)

with conditions of boundedness in zero, We eliminate p; and v; from system (3,1)

Doy =RI(141)8 (oy=ru), o, (0)=0,(1) =0,(1) =0, @ (0) < o0

Dzel = — 0y, 91 (1) = 0, 9, (O) < o0 (3.2)

Green's function Gy, (r, 5)of operator —r*D; with boundary conditions u (1)= 0 and
u (0) < oo and Green's function Gy (z, s) of operator r2D;* with boundary condit-
ions u (1) = u" (1) = u (0) = Oand u’ (0) << oo are symmetric and of the form
= et —sh M (2) $1(5) + Ma (2) ¥a (s)
Gulrs)=—grz7— r<s Ca @) = g_narya+y’ =< &I

M () = (I +2) 2" — 1!, 1, (@) = 2! — '3
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Py () = (21 = 1) s"*? — (2L + B)s' 4+ (21 - 3) s~"*1 — (20 — 1) 5712
P =(0+2)@Q—)s—(1—1)2 +3)s' — (3.4)
~1@l 43 s 4 (I +2) @2l —1) s

We define the integral operators G,; and Gy; by formulas

1
Guv=| Gu@y v yidy =12 1=12) (3.5)
0
with the use of these operators the problem (3. 2) reduces to the integral equation
el = )\rlGlel (}“l = Rl (l + 1), Gl = GllG‘M) ’36)

Lemma 3,1, Operator G is oscillatory,

The conditions for the one-pair kernels [12] to be oscillatory are satisfied for G,; (r, s)
and the oscillatory character of Gy (r,s) is implied by the admissibility of presenting
operator r2D;* in the form

d d _,, d d _
rngzu — r-l F r2l+2 71"_ r 21 E.- r21+2 Fr— r lu (3‘7)
and by the results presented in [12] (see [13], Lemma-3,2), The kernel of operator G,
is oscillatory, since it is a composition of oscillatory kernels [14],

It follows from Lemma 3,1 that for any [ (] = 1, 2, ...) operator G; has a sequence

of simple positive characteristic values 0 < Ay; <Ay < ...,which implies that
0< Ry< Ry <... (3.8)

The sought minimum characteristic value of operator A (R) is min,R,;(l = 1.2...).
Let K be the cone of nonnegative functions from C [0, 1] . We set o = rt (1 — 7).
and separate in the space C 10, 1) the subspace By, of functions with the finite norm
U, . By definition [15]

U= Byt — gy S < oyltg; 2,99 >0; | ul, = max {infa,, infa,} (3.9)

where inf is taken over all @, and a, for which these inequalities are satisfied, We
introduce the subsidiary cone K,, = E,, 1 K which is normal to and solid in E,,
[15].
Lemma 3,2, Operator G is strongly positive with respect to cone Ky,

Proof, The Lemma implies that for any arbitrary function » € K,, function G; u
is an internal element of cone K, . We note that, owing to the oscillatory properties
of the kernel of Gy (z, s) (Lemma 3,1), cone K is invariant with respect to operator
Ge; . Hence it is sufficient to prove that operator G; transform cone K into an inner
part of cone X, .

Green's function Gy, {(r, 5s) satisfies condition Gy (r, 5) > 0(0 < r, s < 1), as well as
the following readily verified conditions:

aC(r, ) 3G, (r, 5) 9G,, (r, 8
\ 1 \n 1
1 k =0, ——_l_l_—— >0, Gu(i' sy =0, % <0
or ram=0 or re=0 r=1
(k=1,2, .., 1 —1)

Thus operator Gu transforms any function u &€ K into a function of the form

rd—niE), fO>0 0<r<t) (3.10)
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From (3, 10) follow the inequalities

o <G u<CPuo, a=minf(r), P=maxj(r) O<r<9) 3.41)

Since u, is an internal element of cone K,, [15], it follows from the inequalities (3,11)
that Gy is also an internal element of K,, . The Lemma is proved,
Corollary, The eigenfunction 6,; (r) corresponding to the characteristic value
Ry, is an internal element of cone Ku, , l.e., it is of the form (3,10),
Lemma 3,3, Operatorl (I 4+ 1) G;is monotonic with respect to parameter ] ,
1G> (1 + 2) (_;l+1~
Proof, Let us prove the monotonousness of operator Gy
G,>6Gy 11 (3.12)

Indeed, for r < s
Gyl ) =Gy, )= 2!57Y (z, 8) (z=rs1<<)

1 1 1 1
fe 9 =— gy ="+ g st 21~ 2U+3 :)
Since f(3, 1) =V and 8f/3s > 0 (0 < s< 1), function f (3, 5) < 0 when 0 < r g
< s < 1.By virtue of the symmetry of Green's function Gii(r, s) the inequality G1,;+1(r, ) <
< Gy(r, s) holds also for 1 >r g s > 0.
Let us now prove that
lG,z >+ 2) Gz. 141 (3-13)

Indeen for z < s Zlsi-2
(1+2)G, 1y, (=, 5)—1Gy (2, 5) = IOFNETS Pz, s)

Pz, s) = —ay () 2®+ a3 (5) 22 + a3 (s) 2 — aa (5)
(ai(s) >0 for 0<Cs<L )

Function P (z, 5) < 0 (0 < 2 € s < 1). Owing to the symmetry of Green’s function
Gay (z, s) we have (I + 2) Gap41 (2, 5) < 1 Gy (z, 5) also for 4 > 225 > 0. Since G, =
== GGy the proof of this Lemma follows from (3.12) and (3,13),

The positiveness and monotonousness of operator ] (l -+ 1) G‘ implies the monoton~
ousness of its minimum characteristic value R,; < Ry j41. Hence it follows from ine -
quality (3. 8) that R,, is the minimum characteristic value of operator A (R) , The
dimensionality of the eigen-subregion corresponding to that value is equal three, and
there are no adjoint vectors. This can readily be proved by, for example, symmetrizing
operator 4 or simply by using Lemma 1.5 in [9]. Let us prove that ({, N)a where { =
= (u, 0) is the eigenvector of operator A (Ry,), andm = (w, 1) is that of operator
A* (R,y) (see (2,11)), is not zero

¢ Mu = @, Wa, + 6, Vg, = Ry [ully, + )0k >0

4, The bifurcation point and branching, Asshown in Sect, 3, operator
A (R) has Hu as its odd-multiple minimum value, (We shall denote it by R.),
This together with Lemma 2,1 make it possible to apply to Eq, (2, 2) Krasnosel'skii’s
theorem on points of bifurcation, as modified in [16].

Theorem 4,1, Point R, = Ru is a point of bifurcation for Eq, (2.2).

Thus branching of solutions of Eqs, (1.3) occurs when the Rayleigh number equals R,.
Let us examine the branching at this point by the method of Liapunov-Schmidt,
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We select in the eigen-subspace Z, of operator 4 (R,) the following basis:
Gk = (u () Tox (37 — 9,9,0), () Tk (Ysm — 9,8, 0), v () Ty (o — @, 9, 0)

8(r) Tox (/s — 9, 9, 0)) (k=—1,0,1) (4.1)
let R = R, + M. We seek the solution of equation
z = B (R, 3') (4.2)
of the form 1
Z=z+4+ 2 wby, (Gma=0 (k=—1,01) (4.3)
k=1

Substituting (4, 3) into (4,2), we obtain

1 1 1
t—AR)z=p D doly +4()z+ D(z+ 2 oy, z + Z“kgk)s Qz

k=—1 k=-1 k==-1
(4.4
A5 = (K, (Tr),0), z=(,I)&H (4.5)
We introduce the projective operator
o =9 — D wly, o=H (4.6)
k=-1

and, using the solvability condition of Fredholm's equation, we write (4,4) in the equi-
valent form )
z—A(Ry)z=1Qz, Qz,m)r=0 (k= —1,0,1) (&.7)
Before passing to finding small solutions of Eq, (4,7), we shall simplify the problem
by using the theorem on branching of solutions of nonlinear equations with respect to
transformations of any arbitrary compact group (3 [5]. In the problem here considered
it is expedient to chose a group of three-dimensional space rotations for such group,
Let L, be the representation of a group of rotations, Equation (4,4} is invariant with
respect the [, P “ransformations
LiA(Ryz =AM Lz, LQz=QLyz =H,g=G) (4.8)
In fact, the Laplace operator is invariant with respect to the L, -transformation [10],
let g & G be an arbitrary rotation transforming the orthogonal coordinate system
with its origin at the center of the sphere into system y; (i, I == 1, 2, 3).The equal-
ities duy duy dyy oug 0T _ 8T oy _, 9T
i_‘mwa—i-;::ula—y‘—,ui‘—g layl

Ui g = = i Gy oz,

then become obvious, Hence
L (uVyu = (u,Vyu,, LuVT =u,VT, (u, = Lyu, Ty-=L,T)

We note that the eigen-subspace Z, of operator A (I?,) is invariant with respect to
L,. In [5] the representation L, is called complete in Z,, if for any pair g, U=
&= Z, we can indicate a £ £ (; so that
7 A
Lt =2t (2> 0) (A9
Lemma 4.1, The representation of the group of three-dimensional space rotations
for I = 1 is complete in the eigen-subspace Z, of operator A (R,).
1
Proof, Let §'= 2 x Ly The function of r is invariant at any arbitrary rotation,
k=1
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hence the analysis of gl reduces to the analysis of (see (4, 1))

Ly 3 5T Cha—.0.0)
k-——-l
Functions Tﬁ,m are 51multaneously matrix elements ot the Lg~representation [10], The
properties of functions 7L, (Y2 n — o, 4, 0) imply that

1 1
LD T @)= oIk 0= 2 N 2 Thn () Thy (8) =

k===l - Na=—-}
1 1
= D) B.ThaE) X %Th =B, (n=—1,0,1) (4.10)
Ne=—] k=31

For I= 1* matrix Tim» is equivalent to the matrix of rotation g (¢, s, 9) [10], where
@y» P2 and € are Euler's angles defining the rotation, From (4, 9) and (4, 10) now follows
that the representation Lg will be complete for ! = 1, if for any specified real @ and
Bn (ky n = —1, 0, 1) such ¢, @3 and Gcan be found so as to satisfy equalities
1

2 o8y, = 0B, (n=—1,0,1; a>0)

k=—1
Simple calculations show that, for ¢ determined from the equation B_; cos @, —
— Po sin @ = O (if B_; = B, = 0 then angle @, is arbitrary) the angles @1 and © are
determined from equations

0-1 COS §; + oy Sin @, = 0 (4.11)
a, — o [Py cos & + (By cos @, + Parsin @) sind] = 0

where a > 0 can be chosen so as to make Eq, (4,11) solvable, The Lemma is proved,
When [ = { there is a subspace H° (C H containing L, which consists of axisymm-
etric vectors orthogonal to {_, and , and invariant with respect to operators A and Q.
As shown in [5], small solutions originating at the bifurcation point R, may be sought
in the invariant subspace H°, All other small solutions branching off at that point are
obtained from solutions derived by means of transformation L.
Small solutions of Eq. (4.7) in H° can be sought in the form of series expansions in
powers of parameters ¢ and j (the zero subscript at @, { and my is henceforth omitted)

Z = Z 20070, 20 =0 (Zpe, M) =0 (k=-1,0,1) (4.12)
P.q==0
The coefficients appearing in (4, 12) are defined by equations

Zio = Bgy = Zgy = Zyp = Zg3 = 0, Zyq — A (Ry) 200 = 11D (L. 1) (4.13)

and so forth, Substituting (4,12) together with the now known coefficients into the equ-
ation (Qz, 1)y = 0O (where Qo = O == 0 is assurned), we obtain the branching
equations

pa (AOC’ ’))H + ﬂ‘z (D (C! g)s n)H + (13 (DO (2209 (.:)’ Tt)H + ere = 0
D° (zy, 2,) = D (3, 2) + D (2, 3z, (4.14)

Theorem 4,2, The emergence of new solutions of Eq, (4., 2) takes place when
the Rayleigh number passes through [{,, and one nonzero solution
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("1";’ P])}{ 5
3 =YL 4 Tz O W), Y= e iy (4.19)

corresponds to within an arbitrary rotation to every R > Ry close to R,

Proof, The coefficient at o2 in Eq, (4,15) vanishes by virtue of the known ident-
ities (DE L Mg =— RK1V)u, wy — L (Li(uVh), Oy =

- R;lf (V) uudz — P | BuvOdr =0
o} 0

The coefficient at 4% in the branching equation is of the form

1
(40 & Mg =7z fully, (4.16)

The coefficient at a? reduces to R
1= (D° (aan, 0), g = — Bt [ Vo, — | Taolfy, + 2 | rogg g2 (4A7)
Q
It is not difficult to prove that this value is negative, For this it is sufficient to note that
operator M defined by the equality Mu = K, (rl, (ru,)), which in A, is self-conjugate
and positive [8], The negativeness of | in (4,17) follows from the variational principle
for operator M. Thus ¥ > 0 and as shown by Newton's diagram [17], the solution of Eq,

(4.2) can be sought in the form of a series expansion in powers of ¢ = u'l
2! = Z szk
where z, satisfies the equations =1
2 ARy 2= Az, + 2 De(z,,, z)= Y, (4.18)
m-pn=g
We seek 3 in the form
Zk = 6k§ + élkwky ((Pk’ rl)H =0

For k = 1 we have
3 = 61 c’ ¢, = 0
The condition of solvability of Egs, (4,18) (Y, n)yg = 0for & = 2,3, ... we have
6 " (A0C| n)H
CET (D, O, Ny

It is readily seen that 6:* = y and @2 = zx». The Theorem is proved,

=0

5, Calculation of convection, We apply to the integral equation (3, 8) at
I = 1 the iteration method proposed in [12] for nonnegative matrices, This method,
which can be readily used for equations with strongly positive operators, consists in de-
riving consecutive.two-sided estimates (3, 9)

. e(n)(r) Q(ﬂ)(r) I am-1 () — (-1 (5.1
JBin S gy <t S max gy = 10, 67 =GO O

which converges to the first characteristic value 3, of operator G,, while the sequence
of functions @(n) converges to the eigenfunction §,, We take Ug | = = r (1 —7)
from cone K, as the first approximation, and write the condition of normalization as
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The fifth iteration carried out on a computer yielded estimate

8042.1 < R, < 8042.3
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With three supporting functions the Ritx method had yielded R, == 8041.7, Having de~
termined R, and 8,, we find with the use of operator G,, from Eqgs, (3,1) for u, (r)
and v, (r) the expressions

1
ru, = R,2G,0;, v, = — R, R [3_?_“}3{;_;;{1_?)_ + *%‘Gn (r, 3).1 8, (s) s*ds 6.3
0

Substituting in the expressions for 8 (r, )

and u {r, ®) the related generalized
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spherical functions, we find the explicit form of the eigenvector { = (u, 6) corres-
ponding to R,
Uy = Uy (r) 608 ¥, uy =0, ug =v,(r)sind, 0 =6, (r)cos? (5.4)

Vector Z39 = (v, T) is the solution of the last of Eqgs, (4.13) or of the following

boundary value problem:
Av =Vp+ (uV)u— RxT, Vv = 0
AT = PuV0 —rv,, vls=T|s=0, (v,u)n, = 0, (T,0)u,=0 (5.9)

which is solvable by virtue of the identity
ES (uV) uudz = 0, £ uVeds = 0
The solution of problem (5, 5) is of the form
v, = 1/, (3 cos® & — 1) wy (1), ve = 3 sin ¢ cos P wy, (1)  (5.6)
p=D0o(F) + Vs (Bcos?® — 1) p,(r), T =Py, (r) + Y, (3 cos®® — 1) 7, (1)
For po, and Ty we have

po () = jt [R 5T, (s) — @y (s)] ds + const, 7, (r) = 15‘ p"”bs‘ @, (s)s*dsdp (5.7)

Here and in the following
1 duy 2 2 2
Dy (r) =14 (ULT — =0

1 1 ! dv 1 1
D, () = %(ul —(f;l + +';‘V12)s D4 (r) =—3—(u1 5 T 7w+ UI’)
2 2 do 1
(Dd(r)=‘%_(u1‘%9;l‘_‘,.—u191)o (Ds(r)=—;;—(u1 d,.1+',.—v191)

Functions w,q (r)and Ty () are determined when solving the boundary value problem
d ’ _
Dy?050 = 6Ry Ty + @y + - (D3), 0no (0) < 00, (rwge = wg0) (5.8)
— DyTy = 0y — Dy, 059 (0) = g9 (1) = 030" (1) = T (1) =0, 7, (0) < o0
Problem (5, 8) reduces to the integral equation with operator Gy from (3, 6)

T, = 6R,GyT,+ D, ® =Gy, + ;ercps) — Gy, Dy (5.9)

This equation was solved by the method of successive approximations, which is conver-
gent, since the minimum characteristic value R,;, of operator 6G, is greater than
R, as shown in Sect, 3. This characteristic value was derived by the iteration method
and it was found that Ry / R;; =~ 0.8. If @ (r) is taken as the zero-approximation,
a satisfactory approximation is obtained at the 20 - 22nd iteration.

Having determined T, (r), we find w,, (r) and wy, (r)

Twa = 6R,G,,Ty + GoV (IF =D, 4 %;ril)a)
1

wnlr) = — ([ 200 4 2 6, (r, )| 6RT 5) + ¥ (5) stds (5.10)
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Constant y is determined by expressions (4, 5) ~ (4, 7)
v = —|ulf/R (5.11)

Calculations were carried out on a computer, Functional dependence 9 (P) is fairly
accurately defined by the formula y = 10~7P~2 (a recalculation had shown a satisfac-
tory correlation with the approximate results cited in [4]), The remaining results are
shown in Figs, 1 - 4, while Fig, 5 shows the pattern of the convection flow appearing
immediately after the loss of stability at B = 8042.5 and P = 4. This pattern does
not appreciably vary with increasing Rayleigh number, although the motion intensity
increases, Thus for R = 8942 and P = 4 the Reynolds number calculated from
the maximum flow velocity is close to five,

8, Stability of convection motion, The stability of certain secondary
flows was investigated in [6, 15] by the method of perturbations, Let us use this method
for proving the stability of the convection motion of a fluid in a sphere for small &

Vo= 1¥eu + 18% + O (%), Ty = Too + 1760 + 1eT + O (&%) (6.1)

The investigation of stability reduces to the spectral problem with respect to parameter g

gV - AV = VD' - (VV) V' + (V'V) vy — (R + )T, VvV =0

—OPT + AT = PvVI' + Pv'VT,, V'[g=T'|g=0 (6.2)
which is equivalent to the operator equation in space H
2 — A (R,) 7 = D° (3, 2) + e*4gs’ — oC% (6.3)

where 2z’ = (v', T'), 2y = (v,, To) and C = (K;, PL,). The basis in the eigen-
subspace Z, of operator 4 (Ry) may be selected as
follows: .y — u, (r)cos®, ue =y, (r)sind,
Uy =0 0 =0,(r)cos®
&y u® = u, (r)cos B cos @
uf = v, (rsin®cosp
ud = v, (r) cos ¥sin @
oW = 0, (r)cosGcosp (6.4)
toar u¥™® =y, (N cos¥sin
u$? = v, (r)sin ¥ sin ¢
(~1)

Ug  =vy(r)cosPcosg

6“P= 0, (r) cos ¥ sin ¢

We seek the solution of Eq, (6, 3) in the form

1
g = 2 &L +2, (z, Me)m = 0

|-
Fig. 5. (k=—1,0,1) (6.5)
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Substituting (6. 5) into (6, 3) we obtain 1

c— AR)x = D) 8:D°(2q, b)) + D° (24, &) +

k=—1 (6.6)
1 1
+ g? 2' GI\'AOCk + €2A0$ — G 2 5kCCk — sCx = OI‘Z
k=—1 k=—1
or in the equivalent form
x— A (R,) z =11Q (6.7)

where II is the projecting operator (4. 6).

It should be noted that the eigenvalues ¢ of Eq. (6,6) with a positive real part are
uniformly bounded with respect to ¢; [e]< ¢, [6, 18, 19], Hence, in accordance with
the theory of spectrum pertwrbation, only that eigenvalue ¢, of Eq, (6, 6) which origin-
ates from o, = 0 can appear at small € in the right-hand half-plane,

The z -solution of Eq, (6,7) can be sought in the form of a series expansion in powers
of gand 0 o

z = 2 ePeir,,, Too=10 (6.8)
P, =0
Vectors Ty, are defined by equations

1
Tyo — AR,) Ty = I Z 87hD* (€, Tx)
= (6.9)

1
xOI — A (R*) .’1:01 = -— n kz GKCCR
]

and so on, Substituting series (6, 8) in the right-hand side of Eq, (6,6), we obtain the
conditions of solvability of this equation

[~
= =—1,0,1
(02 2 e7ozsq: M)y =0 (=—1.0.0
P1g=0
This yields three algebraic equations in €, ¢ and . It is expedient to chose the follow-

ing condition of normalization; 1
2 8,2 =1

k=—.1

(6.10)

By modifying somewhat the Theorem 1 in [5] the number of equations in (6,10) can be
reduced to two,

Let G’ be a group of circle rotations (g € G’ 1is a rotation about angle g). For g €
€ G6G',ueE H, and T € H, we set

Lg'll (r, 0, (P) =1u (ry 01 (P +g)1 LK'T (r' 0» ‘P) == T(I', 01 W +g)

It is not difficult to verify that Eq, (6. 3) and the eigen-subspace Z, of operator 4 (H,)
are invariant with respect to operators L,". The representation of L, in space Z, has
the following property: for any {' &€ Z, and [* € Zo', where Z,’ C Z, spans { and §;,
it is possible with the use of (6.4) to find 4 ¢ such that. Lg'0’ = " = B{ + B, ;-

There exists a subspace H’ CH which is invariant with respect to operators A, D
and C, contains Zo’ consists of vectors 3 = (v, T) orthogonal to {1 and satisfies the
following conditions of evenness:
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2.0 9)=0v(r 0 —0), vg(r, ¢, @) =v,(r, 8, — @)
vO(rl ﬁl cp)=—v¢(r, ﬁr "‘"(P), T(r; ﬁ- (P)=T(r, '0, ‘-'(P)

This statement is directly confirmed by the system of Eqs, {6.2) equivalent to Eq, (6. 3).
It can be readily shown, as was done in [5], that small solutions of Eq, (6.7) may be
sought in subspace H’. If such solutions exist, all remaining small solutions in H are
derived from these by the transformation Lg'.
Let us examine Egs, (6.10) for & = 0,and &k = 1. First, we note that (6,4) and
(4.15) imply the equalities
(D* (€, Le)s M) = 0 (k=0,1)

T (D° (320s G)s M)z + (Aclir M)z =0 (k= 0, 9)
It follows from Egs, (6, 9) that
2 6kx(k)

K=l

where by now .t;,‘q is independent of 6y and for k = 0, 4 the system of Eqs, (6.10)
becomes

61: {"' o (Cgk’ nk)H + 327‘/1 (D° (gv xm ’ 'lk) +
+ eo [T/ (D° (&, 280), i)m — €, )l +...}=0 (6.11)

or
5iFx(e, =0, &+8>=1 (=01 (6.12)
Lemma 6,1, Functions F (g, 0) and F, (e, o) are linearly independent,
Proof, Equating the first of Eqs, (6,9) and the second of Egs, (4.,13) we obtain

210 = 271290, zm= (v, 05 0; T) (6.13)
2D =272y 2D = (v, cos B, v sin @, ¥ T cos ) (6.44)
For k = ( we then have (see (4,15))
11 (D° (L, z0)s Mgy = — 2 (Aoly My (6.15)
%1
ChL =7 2n QS (u? 4 u} + PR,6% sin &40 ridr {6.16)
00
Taking into consideration (6,4) and (6,14) for ¥ =1 , we have
T/ (D° G 2@ M)y = — (Aol Mg ©.17)
n1
(CT m)g= n SS (el + ug + u ctg?® + PR,6%) sin & dOridr 6.18)
00

Thus, equating in Eqs, (6.11) for ¥ == 0 and & = 1 the coefficients at & and
from (6.15) - (6.18) we obtain
(D° (C" 110)1 TI)H (C;’ n)H
. =% Camg<
(D* & =D My Clu M

The Lemma is proved,
It follows from Lemma 6,1 that system (6, 12) splits into two independent equations
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by =10,8=1,F(e,0)=0;6=0,06, =1, F, (e, 0) =0 (6.19)

where Fx (€, 0) is an analytic function of g and 0. As implied by equalities (6, 16)
and (6.18)
OFy | 00lg=omp = — (CCks m)r = 0 (k=0,1)

Hence by the implicit function theorem each of Eqs, (6.19) has a unique solution g,
which is analytic with respect to &

2(4,8 ) (A8 M) ,
Gy = — 82-—((-0—2%)—1;11 + o0 (82), Gy = — Ez@fﬁ—)ﬁ- -+ o0 (82) (620)
It follows from (4,16), (6,16) and (6,18) that for small €

Oy < Oa 02 < O
Thus the convection flow defined by (6.1) is in the first approximation asymptotically
stable, while according to [19] a nonlinear stability is also present, We note that the
equilibrium state Ty == C — 1/gr? loses its stability, when R passes through R, To
prove this it is sufficient to set in (6,11) y = 0, which yields

AL
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DIFFRACTION BY A CIRCULAR ISLAND OF LONG WAVES PRODUCED
BY A RIPARIAN SOURCE
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S, la, SEKERZH~ZEN'KOVICH
{Moscow)
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The diffraction of long cylindrical waves by a circular island situated in a rota-
ting tank is considered, It'is shown that, when the wavelength is small in com-
parison with the island radius, a resonanace capture of waves by the island takes
place, Unlike in the anthor's paper [1] which analyzed the diffraction of mono-
chromatic plane waves by a circular island in a rotating tank of constant depth,
here the diffraction of cylindrical waves produced by a source at the island
boundary is considered, As in [1], the wavelength is assumed to be considerable
in comparison with the depth of the tank, but small relative to the island radius,
A solution in the form of a conventional slowly convergent Fourier series is first
derived, and then transformed by Watson’s method into a fast convergent series,
which makes it possible to determine the pattern of wave diffraction, at least
along the island periphery, Many details of the derivation of solution have been
omitted here, One of these details can be found in [1, 2], while others may be
obtained by small alterations in the calculations presented in those papers,

1, Statement of problem, Fourier series for the elevation of
fluid, A horizontally unbounded tank filled with a heavy perfect fluid rotates at
angular velocity ©® in a counterclockwise direction about a vertical axis, Depth of the
tank is throughout uniform and equal %,The tank contains a source generating cylindrical



